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ABSTRACT

As part of its continuing support of IMSD
projects, the Aerodynamics Department (53-12)
has investigated the aerodynamic character-
istics of basic shapes in rarified flows, This
report contains an analysis of the drag and
moment forces on spheres, conical frustums,

and cylinders for arbitrary angles of attack,
The analysis is based on the assumption of
Newtonian flow with diffuse particle reflection.
Explicit expressions are derived fc~ quantities

of interest.
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SECTION 1
INTRODUCTION

At altitudes of about 75 miles and higher, the mean free path between
collisions of atmospheric particles is so large that the concepts of con-
tinuum flurd mechanics are usually not valid. The computation of aero-
dynamic forces and moments must then be based upon concepts from the
kinetic theory of gases, which provides some understanding of the molecular
motion of the gas. The gas particles which meke up the atmosphere can be
considered in thermal equilibrium in a given region, and the indivadual
particles possess velocities which are described by the Maxwell-Boltzmann
velocity distribution function. This function makes 1t possible to com-
pute the number of particles that strike a surface of unit area per unit

of time and the resulting momentum transfer if the nature of the molecular
reflection process at the surface 1s known. It is generally assumed that
particles reflect from surfaces either specularly or diffusely, the former
meaning that a particle has an equal angle of incidence and angle of re-
flection, while the latter implies that the reflected particles leave the
surface randomly. A particle undergoing specular reflection produces a
momentum exchange which is proportional to twice the normal component of
velocity, and the computations are relatively simple  For diffuse reflec-
tion, it is assumed that an incident particle hats the surface and comes to
rest, giving up its total momentum, and then is ejected in a manner that 1is
related to the surface temperature. Diffuse reflection is, of course, a
more complicated process than specular reflection and, unfortunately, ex-
perimental results pertaining to flight conditions in the uppcr atmosphere

are not available. 1In reality, both types of reflection may occur, although
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The diffuse is probably predominant. Until more data are available, it
seems reasonable to assume that the reflection process is completely
diffuse. This means that the particles which are ejected from a surface

possess a Maxwellian distribution corresponding to the surface temperature.

Free molecular flow consists of superimposing a uniform flow on the thermal
motion of the particles and using the superimposed distribution function to
calculate the forces arising from tihe momentum exchange due to collision of
particles with the surface of the vehicle, Boundary layers and shock waves
do not exist in a clearly distinguishable form, because the mean free path
is quite long at high altitude; hence, all intermolecular collisions are
neglected.

In the kinetic theory of gases, a quantity callied the most probable molecular
velocity is defined. This quantity (C = -/E%Ej: a sort of average velocity,
is proportional to the square root of the temperatqre, and is related to the
spveed of sound. The molecular speed ratio is defined as the uniform flow
velocity divided by the most probable molecular velocity and is, of course,
related to the Mach nurver. For particular geometries such as the cone,
cylinder, and sphere, the drag coefficient as determined from free molecular
theory is a function only of the molecular speed ratio, assuming that the
vehicle surface has a given temperature. For example, the drag coefficient
for a sphere in free molecular flow with diffuse reflection is given in
Reference 1* as follows:

2
-5 :
2 e 1 1, 4 /x
3 . £ 5 4
c, y— <‘1+—228)+2<1+§g _—TMS) erf § + =

N

\N

a1

In Equation (1), S is the molecular speed ratio, and Sr is a molecular speed

ratio based on the wall temperature and refers to the reflected particles only.

Assuming that only altitudes of over 100 miles are of interest, it is known

* See References

1-2
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(Reference 2) thot the surface temperature of a vehicle is determined
almost entirely by radiation phenomena. From the definition of S and Sr’

the following is obtained:

Ti
BN i e (2)
i
where Tr is the surface temperature, and Ti is the artient temperature.
Assuming that the surface emissivity is such that Tr = 35COR ané noting
from the ARDC atmospheric tables that Ti 1s 1200°R or larger above 100
miles, Equation (2), using T, = 1200°R, becomes
S =1.475 (3)

and Equation (1) can be plotted as shown in figure 1 by the upper curve.
This curve is a maximum for altitudes above 100 miles, since a higher Tl
would cause Sr to increase, thus reducing the contribution of the last teim
in Equation (1) to the drag coefficient. Taking the 1init of Equation (1)
as S approaches infinity results in CD = 2. It is apvarent that the last L
term decreases more slowly than the others because 1t is proportional to S 7,
while the others are exponential or of higher exponent. The last term in
Equation (1) arises from consideratic.. of the dit’use reflection, and the

above simplifications applied to that term are valid only when the surface

temperature is primarily controlled by radiaticn.

Although a free molecular analysis can be applicc to any 3simple shape, sone-
times the results cannot be written in terms oi clemontary functions, and
numerical mettods must be used. This situaticn cecurs in particular for a
cone at an arbitrary angle of attack It 1is ¢ sirsablc then to have an
approximate method ot determaning forces and muments on vehicles ol various

shapes. It is well known that the Newtonian Ilow concept, assuming that

1-3
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Figure 1 Drag Coefficient vs Molecular Speed Ratio
for a Sphere

the particles come to rest on the surface, produces a drag coefficient of

2 for all bodies based on the projected frontal area. This corresponds to
the limiting caese of Equation (1) as expected, because thermal motion of
the particles is neglected, and hence can serve as an approximation as long
as 8 is relatively large. For example, when S = 10, using CD = 2 provides

a result which is 4 percent low, as seen from tiae upper curve of figure 1.

So far nothing has been stated concerning the reflection of particles in New-

tonien flow. In the Newtonian hypersonic approximation, it is assumed that the
particles give up their normal component of velocity and then slide off the sur-
face tangentially. Newtonian flow with specular reflection imparts twice as muc

momentum to the surface as the Newtonian hypersonic approximation. Newtonian

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION




flow with completely diffuse reflection 1s more realistic for the prcblem

under consideration, and the sphere will be analyzed in detail below 2u an
illustration of the method.

The total momentum transferred to an annular element is the drag on that

element, and integrating over the spherical surface gives

n/2
D

CD =35> =[ 4 cos @ 8in@d@=2 (W)
Ew Tr O

where p is the atmospheric density, U the velocity, and r the radius of the
sphere. For diffuse reflection, the kinetic theory »f gases provides an
expression for the pressure of the ejected particles, assuming that they are
in thermal equilibrium with the wall.

.
2

B E C.m (5)

B

where m, is the mass leaving a unit surface area per unit of time, assumed

equal to the incident mass, and Cr = JE RTr . Therefore,

V7 PUR
ey S IS COS 6

Py 2 Sy
:he
sur-
'much
1
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and taking the component of thia term in the drag direction and integrating

over the surface givea

2 72
D = _E PU” 21rr2 (:ns2 6 ainode (6)
r 2 Sr
o
_ N7
or ° =35

r

The total drag coefficient ia then the aum of Equationa (4) and (6)

_ oVr .
CD =2 4+ 35, (7)

i
Thia equation 1a plotted in figure 1, and the curve ila labeled Newtonien-
diffuae, The curve ia & fairly good spproximation of the free mclecular
result, and even at S = 6 there is only a 2,8-percent discrepancy. Thia 1a
becauae the reflection term doees not decrease rapidly sa S becomea large.
The utility of the Newtonlan-diffuse enaslyala cen be appreciated by atudying
figure 2, which ia a plot of altitude againat the molecular apeed ratio
correaponding to the velocity of & aatellite in circulaer orbit at each alti-
tude., Aa can be eeen, the Newtonian-diffuée approximation providea a result
for the drag coefficient of a aphere which 1a at moat about 3 percent in
error throughout the altitude range in which serodynemic forcea on aatellitea
are of algnificance, At the lower altitudea, this error becomes asomewhat
leaa, and the Newtonien-diffuse theory should be adequate for moat purpoaea
even when the aserodynamic moment ia a critical factor. The error aasoclated
with the Newtonlaa-Diffuse theory 1a different for other bodiea and 1a dia-
cuased ia the Appendix,

1-6
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Figure 2 Molecular Speed Ratlo vs Altitude

The following sections provide formulas for computing the aerodynamic
mament and the drag forces on shapes which usually are of interest for

orbiting vehicles.

L-7
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SECTION II
ANALYSES FOR CONE SHAPE

The analysis of drag and moment on a cone is divided into two parts, one
for the angle of attack greater than the semi-vertex angle, and one for the
angle of attack less than the semi-vertex angle. The moments due to the
incidence and reflection of particles frcm the surface arc also considered

separetely, and the results given below.
2.1 INCIDENT MOMENT aa < §

Figure 3 illustrates the geometry of th« problem and the notation uszd in
the following equations. The force on & unit of surface area is in the free

stream direction and is given by

oU° (6)

X

where ﬂx is the dircction cosine betwee: the free strean and the inward normal

at any point on the cone:
£, =sin § cos @ + sin & cos § cos @ (9)

The moment arm from this force to an arbitrary vehicle center of gravity

located on the cone axis a distance L #rom the vertex is

(L - y) sina - y tan & cos a cos ¢ (10)
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Figure 3 Geometry and Notation for Cone
and an element of surface area is
tan é
A re ey Ay 68 (1)

cos é

Combining the above four quantities gives

v y2
_ _ ] _ g — tand
MCG = 2pU2f] }ZX [(L y) sin @ - y tan § cos @ cos @ ] __cosa y dy de¢

vy
" (12)
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and carrying cut the indicated integration provides the following result:

2 Z 8 3
- Yo - ¥ 2 Y - Y
M =i 2PU2 ntan® & sin @ cos @ L (-i-——l)- %( & l) (13)

CG 2 3

where ¥ £ 0 for a cone frustum.
2.2 DIFFUSE REFLECTION MOMENT o< §

The reflection process exerts a pressure on the swface vhich is given by

)

N ()
r 2 '.I‘1 Ix 5

where the incident mass is equal to
m PU x ( ))

The pressure is divided intc< components parallel and normal to the cone

axis, gilving a combined moment arm equal to

L cos § cos @ - roesy (16)
cos §

and the moment 1s expressed as follows:

'T T oY
M =J_7r— (X ﬂ'f.// f# (L0056 -——L) cos¢Mydyd¢
CG \JT ] X cos § cos 8
o Jy,

i

(L)

2-3
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The result of the integration is

2 2 3 .3\ (8)
Y Tr o2 7 tans Sre N acd2y il At ye’yl)
‘oG

Ti S 2 cosg 2 5

2.3 INCIDENT MOMENT a > §

The results can be obtained for this case in a manner similar to that for the
case a < § except that now part of the cone is shielded from the free stream.
This area is defined by the locus of points at which the free stream becomes
tangent to the cone and is found by setting Equatior (9) equal to zero, solving
for ¢, and using this as the limit of the ¢ integration. The final result for

this case is

3 - 43 (19)
-2pU2 2 1) tand [Asina-i-Bcosatana]

3 cos §

where A = cos a siné [ﬂ- cos™t (cot @ tan 4 )] + 8in a cos § sin [eos-l(cotatun P )]

and B = cos a sin § sin [ cos™t (cot a tan § )]

+ s8in a cos § Coa (cot @ tan § ) - ]lI sin [2 cos'l (cotatano)]

o] oo

v
2

2-4

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION

P —



. Pq g Sy ey ey

B, )

-

IMSD-5132

2.4 DIFFUSE REFLECTICN MOMENT O > §

The moment about an arbitrary point located on the line of the cone axis 1s

2 2 3 3
T, P Yo = ¥ Yo - ¥
r AUS tani 2 "1 2" 1) 1
Mog =Y T, 8 cosg B ( 2 )Lc"“' ( 3 )cosa (20)

where B is defined above.

2.5 DRAG FORCE 0<§

The drag force is made up of contributions from the incident and reflected
particles, The result below includes both contributions.

}2 2

Y
D=2PU2 -—2-2—-'-1- ntanalcoea

2
T U2 y2 . £
r p 2 ljitand 2 2 1 2 2
+ ‘ﬂ T—i 3 5 = [sin 4 cos” a + 3 8in” a cos 6] (21)

If the drag coefficient is desired, Equation (21) must be divided by 3 PU° A,
where A 1s some particular reference area. Usually it is most convenlent to:

use the base area for conical shapes, and hence for this case

A =n(y§ - y?_) tan2 é

2=5
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2.6 DRAG FORCE a > &

The drag force for conditions when a > 8, including the incident and diffuse
contributions, is given below.
2 (%2 - 7)) tan 5 -1
D = 2pU cos a sin 6 1 - cos  (cot a tan 6)]
2 cos

l+-— —rcosasinS]

+ sin a cos & sin[ cos T (cot a tan 6)] 1 +2cosasinbd g ’ 5 (22)
.‘

o

+ 3 -’I—.-I-‘ sin2 a c0525
25 T1

- = cos-l(cot o tan 8) - % sin

nla
n

2 cos-l(cot a tand )]:l

2-6
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SECTION 1II
ANALYSES FOR CYLINDRICAL SHAPE

The geometry and notation for the cylinder are shown in figure 4, and the

essential steps in the derivation of the equations are given below.

3.1 INCIDENT MOMENT

The direction cosine between the free stream and an inward normal of the

surface is

L = sin a cos ¢ (23)

The mament arm from an arbitrary point on the cylinder axis to an element

of the surface is

(L+y)sina-r cosacosd (24)

and hence the moment can be written as
Yo n/2

MCG = epuef [(L +Yy) sina - r cos a cos O] sin @ cos ¢ r 40 dy (25)
o Y%

The result of the integration provides the following result:

Y
2 2 rm
My = 2PV 1y, sin a [(L +'5 ) sin @ - ;= cos & ] (26)

If it 18 desired to compute the moment about some point located inside the
cylinder a distance L fram the origin of the y coordinate, then a negative
sign 1s inserted in front of L in Equation (26). The ends of the cylinder are

not included in the analysis,

3-1
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Figuwre 4 Geometry and Notation for Cylinder

3.2 DIFFUSE REFLECTION MOMENT

Using the definition of the pressure due to reflection as glven in Equatlon (1&),
the following equation results for the moment about an arbitrary point on the

cylinder axis:

" Yo mf2
_ _z: p 2
MCG ~J; T, ———S// (L + y) sin ¢ cos ¢ r dedy (27)
o Jo

or 1 - .32.3/2 EE ﬂz. inea (L .Yg.
‘o T g Y &in + (28)

CG 4 Ti 2

As before, the moment aboul a point inside the cylinder is obtained by putting
a negative sign in front of L. No contribution from the ends of the cylinder
is included i» the above computetions.
3-2
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3«3 DRAG FORCE

The drag force equation given below consists of contributions from “t“e

incident and reflected particles.

3/2 T
’t// L sin OJ (29)

2
D = 2pU I'yaﬂina[l+g—s- Tl

The ends of the cylinder are neglected in Equation (29), as can be observed

8ince the drag 18 zero at zero angle of attack.

3-3
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SECTION 1V
ANALYSES FOR SPHERICA!. SHAPE

Since the net momentum exchange on a sphere produces only a drag firce,
those computations in which an entire sphere is involved are relatively
simple. The drag coefficient is given by FEquation (7), based on the projected
frontal area, and hence the moment of the sphere about any other point amounts

to determining the moment arm and multiplying by the drag.

In a number of cases where a vehicle is composed of a combination of cones,
cylinders, or spheres, a cone or a cylinder may be capped by a part of a
sphere or a hemisphere. In the paragraphs below, the method of computation

for such cases will be presented.

4.1 INCIDENT MOMENT & <7/2 - 6,
Figure 5 illustrates the notation which is used. When a frustum of a cone

1s capped by a portion of a sphere, the seml-vertex angle of the cone defines
the angle 91, which determines the required part of the spherical cap needed
to cover the cone. When the angle of attack i1s less than the angle ﬂ/2 - 91,
then the free stream strikes the entire surface of the spherical cap, and the
following analysis is applicable. The direction cosine between the free stream

and an inner normal is

£, = cos @ cos a + sin @ sin a cos ¢ (20)
and the moment arm is

R= fsina + (rcos @ tana - r sin® cos ¢ ) cos a (31)

h-1
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Figure 5 Geometry and Notation for Sphere

An element of area on the spherical surface can be written as

dA = r2 sin @ ded¢

and hence the moment about an arbitrary point on the polar axis is

81 .4
MCG=2le2f/szdA
(o] O

Carrying out the irdicated integration provides the

_ B 2 L
MCG = 2PU21rr sin ¢ cos @ sin 91(2 +
-2

LOCKHEED AIRCRAFT CORPORATION

(32)
(33)
following result:
52'- cos 91) (34)
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4.2 DIFFUSE REFLECTION MOMENT @<m/2 - @,

Using the definition of the pressure, Equation (14), and dividing the pres-
sure into componente perpendicular and paral.el to the pelar axis yields the

foilowing result:

o n
r T 1 )
M - (‘" X pU2£ £ sin @cos ¢ 1~ sin @ A€d ¢ (35)
CG [0 Ti X
[@] l

Carrying ont the integration gives

T cos @
mfr » 2 . |2 1(0, 2
MCG =¥z T, 2 Lnr" sina 3 sin Ol + 2 (36)

wl

4.2 INCIDENT MOMENT & > 7r/2 - CN

For this case, the integration must be done in two parts, because over
part of the body the flow hits elements of area for '.l1 values of ¢ , while
on the rest of the body the shielding effect does not allow impingement of

the free stream. The moment is thus given by

J/e-a g 8, S (cot @ cot @)
st [ Y T

=0 ¢=20 1r/2-a o}

4-3
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The integration is very lengthy, although it can be done, with the result

below.

(
MCG = 2ﬂl)2 r2 i% sina cos a [--;— +2s8in a cosza]

30

cosa

2 o
5 + 2 gin 91] + T sin

+%}—’-rsinacos o [

sina -
+ =—z— cos acos 1 {cot a cot 91) [-3£ sin° 91 + 2r cos> 91

- -
3r cos 91 (l - 3 cos 91)]

2 2

2 - ‘
= sin o cos”™ e« sin 1 [l+2 cot™ a- 2 csc‘2 a sinzal]

+ % 81[12 o (2 sinaa- cos2 d) V (sin‘gel csc'? a - cot‘?a)3

0052 e
+ é einda tan-l\ 5 = 5 -
cin Ol-cns o

N Ly

- [»)
sin @acos asin : [— 2 cos” a csc‘? 9l + l]

l-cot'? a cot‘? 0

+=sina cos3a E + X sina cosa sin2 6, cos 6, (38)
2 2 2 2 1 1
cot a csc 01
- 8iln a cosea
1l cot2 a cut2 e
r -1 1
- = 8ln a cos @ tan
3 2 2
cot”™ a cse” 8
1
- £ sin2 a cos 8 sin2 8 cs02 a - cut‘?a
2 b 1
by
LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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This equation can be checked at two points, When a = n/2 - 61, this
equation must reduce to Equation (34) with @ = n/2 - 6, in that equation
also., When @ = 91 = n/2, Equation (38) must reduce to the moment of a
hemisphere sbout a point a distance £ from the center of the sphere vhich

is given below:
2]
M., = 20U (,’f—" : E) r? (39)

These conditions are satisfied by Equation (38) if the tems involving the
arc tangent are handled properly. In each of those tems, the negative
root of the radical is taken, end the angle determined is a negative angle,
For example, if the quantity inside the radical is one, then the negative
root is minus one, and measuring the angle in the negative Girection gives

tan-l (<1) = - n/4. Also principal values of the arc aine are to be taken.

4.4 DIFFUSE REFLECTION MOMENT a > n/2 -61

The result for this case 1s

T
"y 2 92 7 T 2
MCG=\CEISE q pU ¢ r ’gsina-gsinacos 01 (sin ol+2)
+ %‘ sin2a cos O é}in‘? 01 csc2 a - cot20)3 (ko)
l-cot2 a cot2 0

1

= sin a tan~
i} 2 2
cot o csc 01

-

l-cotea cot2 el

1 -1 1
e - = cO8 0) -
+ 3 sinda cos 01 ( 3 co 01) cos (cot O cot l) z sinacos a

cotea c932

g

Here again, in the term involving arc tangent, the negative root 1s taken, and

the result i1s teken as a negative angle.
k-5
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4.5 DRAG FOKCE < 71/2 -61

The drag force, including both the incidence and diffuse reflection qf

particles from the surface, is

1

+ 5@»\/% [-;—(sin2 a cosea) (1 - cos 8]_) (1)

D = pL‘2 nr2 {cos o sin2 6

= % sin2 81 cos 01 (s:ln2 a - 2 cosaa )]}

e 1

4.6 DRAG FORCE O /2 -91

The drag force for this case is rather lengthy, and both the iacident end

diffuse contributions are included.

4-6
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'8 ) ,_ "l
CUS A oiy® GJ cos  (cotacot 81)

D = 29U2r2 = cosa :sina e
2 ] 2

? ‘y 7y
2 [l+2 cutea -2 cse” anin” 9]]

” 2 . 2 s o -
+B cos a4+ 2 sin o -—r-5111

sino
- e
> cos 1

\/81112 81 csc2 o~ cotza

2
cus 81

sin" @
-~ > can )
sin 81 - cos8 o

1y 2 2]
Vr\[ _x 21 n 2o +”sina(2+3°°s l)
+‘-§- Ti puzr ,+ cos 6

2
o -
€08 & 683 8, cos™l (cot a cot 8,)

” 3
e
cos8s 1

- § l
sinaa 1 -1
+ —5— cos 6, (l - 3 cos el) cos ~ (cot @& cot el)

2
= c_og__cl sin-l [-2 cosza csc2 81 +l]

cosea (2 R - sinza) 1 - cotzdcotze
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SECTION V
CONCLUSIONS

¥

In some of the results for the drag force, the contribution of the reflec-

.- ted particles results in cumbersome equations which are difficult to evaluate.
Since the drag is mainly of interest in determining orbit lifetimes, it may be
o entirely satisfactory to use the value of 2 for the drag coefficient based on
the projJected frontal area. However, the effect of diffuse reflection on aero-
dynamic moments is not always small in relation to the total moment, and it

should not be neglected if attitude control of the vehicle is a critical de-
sign factor.

All of the equations above are valid for any angle of attack. When they are
applied to a particular composite body, however, the orientation of the co-
] ordinate axes must conform to the system used in the derivation of the equa-

tions.

| "
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APPENDIX

The ejuations presented in this report based on the Newtonian-diffuse theory
are of course approximate in that the thermal motion of the molecules in the
free stream is neglected. This approximation introduces an error into the
results which depends on the btody shape and varies with the angle of attack
for a particular shape. An illustration of this can be seen by inspecting
the free molecular equations for lift and drag on a flat plate and observing
that the important parameter is the product of the molecular speed ratio and
the sine of the angle of attack. The Newtonian-diffuse ejuations for 1ift
and drag on a flat plate can be easily obtained, and a comparison wilh .he
free molecular equations indicates that the error increases with decreasing
angle of attack for a given value of 5. Hence,the resulting ejuations pre-
cented in this report for the cylinder can be expected to show a similar
tendency. Accurate results for a cylinder can be obtained by considering
free molecular theory which accounts for the free stream thermal motion of
almospheric particles. The analysis of the aerodynamic moment is presented
in the following paragraphs, and the result can be expressed in terms of
Bessel functions which are easily evaluated Applying a similar analysis to
the cone or spherical cap results in expressions reguiring numerical integra-
tion. Therefore,the Newtonian-diffuse ejuations for those two bodies repre-

sent, the only analytical result available for the flow regime under

consideration.

The notation and coordinate system used below corresponds to that used by
Taltot on page 458 in the June 1957 issue of the Journal of the Aeronautical
Sciences. Talbot's y axis is used for a local coordinate system and dces

not appear in the results; thus, no confusion will result by using the y

7-1
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axis aa the cylinder axis ,as 1llustrated in Figure 4 of this report. Talbot
defines the N and T directions to be normal and along the cylinder axis
respectively and lying in the plane of the pitching moment, which 1is the
quantity to be determined. Taking the T direction to be opposite from
that of Talbot, the components of the pressure and shear forces in the N
and‘ T directions can be written in terms of the angle of atta.k B and the

polar angle ¢ as follows:

PN /sinpsine 1 /0¥ -¢% s1n” o
T 5 = + 5T T sin ¢ e
SeU SV 25 1
(14)
+ 8in ¢ <:l§ + sin B sin2 ¢ + J_-sin B sin ¢ / \ 1 + erf (¢ sin ¢)]
S o /
T, 2 r 2 2
1N2=_sin6cos ¢je§ sin ¢+./,;‘§Sm¢[1+erf(gsin ¢)]} (2a)
EpU S/n =
TT cos B § sin $ r
== s + /1 Esin ¢ [l + erf (& sin ¢)] }- (3a)
5pU° 8 /n

where § = S sin B and pT = O, Hence, the pitching moment abcut a point on the
cylinder axis a distance L fram the origin of the y coordinate is given by
the following expression:

n/2 Yo
My = QU/\ Jr (pN = TN)(y +L) - Tprsine | rdyde (L4)
-x/2 0

LOCKHEED AIRCRAFT CCRPORATION MISSILES and SPACE DiVISION




1M5b-5132

The integrals in (4A)can be easily evaluated giving the final result:

==
—-—2ry2/_<-—+L) —sinﬂ/i,-l-:
EpU i

(54)

2
2 52' Dk 5 E 1 £ 2
+ 38in Be [(ﬁ + 3) IO (—2—) + (—5 + 6—§)Il<-2—> ]}-nr Yo sin B cos B

.2 2
where IO (—%—) and I1 (v%) are modified Bessel functions of the first kind

and zero and rirst order respectively. When & becames very large or when
terms of the order 1/ £ can be neglected, then (5A) reduces to the Newtonien-
diffuse result given by the sum of equations (26) and (28). A comparison of
these two resuits shows that by accounting for the free stream thermal motion,
the first term of (26) goee into the more camplicated second term of (5A4),
whicb is a function of 8 sin 8, Therefore,it is evident that the Newtonian-
diffuse result will be in error to an increasing extent as the angle of

attack decreases at a particular molecular speed ratio,
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